Abstract -One of the cruxes of the three-dimensional (3-D) eddy current finite element methods @EM) is to solve large finite element equations economically. In this paper a 3 9 eddy-current FEM using a four component formulation of complex variables to study skewed rotor induction motors is described An iterative process among the four components during the solution of large algebraic equations is presented in this paper. The proposed method overcomes the nonconvergence problems if the ICCG method or the shifting ICCG method is used directly. The algorithm also requires much less computer storage compared with the Gaussian elimination method.
I. INTRODUCTION
Finite element methods @'EM) have been playing an important role in studying the performances of induction machines. With two-dimensional (2-D) FEM models the inter-bar currents in the rotors are neglected and the effects of the end fields cannot be fully taken into account also. Consequently, an accurate analysis of a real machine must be three-dimensional (3-D) in nature. With the rapid development of computer power, it is certain that future developments in FEM will move from 2-D to 3-D [ 
11.
In order to evaluate accurately the performance of skewed rotor induction motors when rotor movements and other no-sinusoidal quantities are considered, a 3-D time stepping FEM is necessary. The aim of this paper is to develop a 3-D complex model for skewed rotor induction motors. The result of this complex 3-D model will be fed into subsequent time stepping models for studying the steady state performance of the motors. Then the computation time to reach steady state in time stepping process can be sigruficantly reduced [2]. The 3-D time stepping models associated with the 3-D complex models are being developed by the authors and will be reported in another paper.
In the complex model the total number of variables is double compared with that in the time stepping model. The resulting global stiffness matrix cannot be solved easily unless a very powerful computer is available. The authors found that if the ICCG method or the shifting ICCG method [3] is applied directly to solve the complex variable model, the solution is not convergent. If the Gaussian elimination method is used, a lot of computer storage is required.
The 3-D FEM equations are generally too costly to be solved by elimination methods and thus efficient iterative solvers have to be developed. Ref. [4] presents an iterative method for four component formulas. Such method was reported to have reduced the scale of the equations considerably. But the method can only be used for those problems in which the reluctivities of the material in three directions are constant. In this paper an iterative algorithm for solving large algebraic equations of general FEM using magnetic vector potential and electric scalar potential is presented. A FEM equation with more than 77000 unknowns has been successllly solved on a personal computer with 412 min. of CPU time. It is thus obvious that the proposed method has accomplished significant achievements in the application of FEM to study practical machine problems.
A. The Variables
The machine being studied is current driven with the currents obtained from a 2-D solution along a cross-section in the motor. Because most of the domains being studied contain eddy currents or impressed currents, a four component formulation will result. The four unknown components are the magnetic vector potential d in each of the three dimensional domains and one electric scalar potential V in the conduction domains. Since the variables are expressed in the frequency domain, the derivative tIA/a can be replaced by j d (where o is the angular frequency of the impressed currents and d is a complex number).
B. The Properties of Materials
The electric conductivity LT of the conduction domains and the magnetic reluctivity v of the materials are represented by t e m r quantities in a Cartesian system of coordinates as :
The thickness of the iron core laminations is assumed to be thin compared to the characteristic skin depth 151. The material can then be regarded as a homogeneous material whose conductivity is zero in the z direction that is n o d to the plane of lamination. In the x and y planes of the lamination :
where (1-6) is the stacking factor of the silicon steel lamination.
The reluctivity in the iron cores is [4] :
where % and vjj, are the reluctivity of the steel in the x and y direction, respectively, and vo is the reluctivity of air. The solution domain includes the iron frame in the outer-most surface of the periphery, the shaft in the innermost surface of the periphery and the endshields in the axial direction. Because the rotor bars are skewed, the total axial length of the machine in the axial direction should be included. In the cross-sectional direction, only one pole pitch is needed in the solution domain.
D. Boundary Conditions
The following are given for the outer-most surface of the machine fiame, the inner-most surfixe of the shaft and the two endshields:
where n' is the normal unit vector on the boundary surface. The two sides of one pole band satisfl the semiperiodic boundary condition.
E. The 3-DMesh
Tetrahedral elements are used in discretization. The 3-D mesh is generated using an extrusion technique. The 2-D mesh is used as the base-plane to generate the model. The generated 3-D FEM meshes of an 11 kW skewed induction motor is shown in Fig. 1. 
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(The mesh has 15232 nodes, 76635 elements)
III. BASIC EQUATIONS
The Maxwell's equations applied to the domains under investigation will give rise to the following equations;
where j 8 is the impressed current density.
Making the following translation gives:
III. SOLUTION OF THE SYSTEM OF EQUATIONS
Separating (12) into three sub-systems of equations:
Though iteration process is needed among the three groups, the bandwidth for (13) is reduced nearly to 1/4 th of its original value and that for (14) and (15) is 1/16 th of their previous values. The scale of equation for (13) is reduced nearly by 1/2 and that for (14) and (15) is reduced to 1/4 th of their original values. Another important merit is that the ICCG method shows very quick convergence in arriving at the solution of each separated group, because the complicated combinations among A , A, , and A, have been removed.
The proposed iteration process among the three groups begins by solving the following equations:
Equation (23), (24) and (25) are solved separately by using the ICCG method. Because the number of bytes used to represent a data in computers is limited, the computation between AAz, Ad,, Adz and AV in the ICCG method will have better accuracy than that between A , A, , A, andK In induction motors, the exciting current is mainly in the axial direction and the permeability of iron cores is higher in the cross-sectional direction compared to that in axial direction. Usually the magnitudes of A, and Ay are less than 15 % of that ofA, . So after a few iterations, one can already obtain a fairly precise solution.
IV. NUMERICAL. RESULTS
A simple simulation is firstly carried out for comparing the Gaussian method and the proposed iterative method. The number of the total unknowns is 21986. The program runs on a Pentium / 90 MHz personal computer with 32 MEi RAM. When the RAM is insufficient, the hard disk is used to exchange data with the R4M automatically. In the Gaussian method, the coefficient matrix is stored in a chgeable bandwidth method. In the proposed iteration procedure, only the none zero elements in the coefficient matrix are stored. The number of large iterations among three groups is eight. For solving (23), (24) and (25) Because the Gaussian method requires a large amount of RAM, there will be a lot of data exchanges between the RAM and the hard disk in small computers. Therefore, if the scale of the problem is larger, the CPU time for the Gaussian method will be wen longer than that of the proposed iterative method as reported in this paper.
The method has been applied to compute the flux distribution for steady state operation of an 11 kW, skewed rotor, cage induction motors (380 V, 50 (24) and (25) at each step of large iteration, the average iteration number of the ICCG is 550. If one uses A,, A, , A, and V instead of AAm AA,, AAz and AV in the iterations, the average iteration number of the ICCG is 654. It is shown that by using increments only in the iterations, one can reduce the CPU time by about 16 %. The average differences of A, A, A, and V between adjacent steps in the process of the iteration are shown in Table 11 . The total CPU time needed for these 10 iterations is 412 min. It is shown that by using the developed iterative algorithm, the 3-D FEM program dealing with large number of unknowns can also be run on personal computers.
The computed flux distributions at the cross-sections near the endshield and near the centre are shown in Fig. 2 . 
